EPFL- Fall 2025 Differential Geometry L: G. Moschidis
Series 5 Curves and surfaces 10 Oct. 2025

5.1 (a) Let v: 1 — R" be a regular C* curve. Prove that it is biregular if and only if . () # 0.
(b) Let v: I — R? be a Frenet regular curve. Prove that its torsion is geometric, i.e. for any

C? reparametrization h : J — I, if % = v o h then we have

7y(h(u)) = 75(u) for all u e J.

Solution. (a) If the curve « is biregular, then 4 and 4 are linearly independent (note that 4 # 0
since the curve is assumed to be regular). The curvature vector is given (in view of the acceleration
formula) by the relation

K, = v%? (5-Wm).

Thus, K., cannot vanish, since that would imply that 5 = V,T.,//T,/ /%, which would contradict the
fact that 4 and 4 are linearly independent. Thus, K, # 0 and, therefore, s, = || K, || # 0.
Conversely, if x, # 0 (and, therefore, K, # 0), we have (again by the acceleration formula) that

5 —V,T, #0.

Since V, = (¥,T,) (as we have seen in class), the vector V. T, is the projection of 4 on T.. If 4 was
parallel to T',, we would therefore have that ¥ = V,T,, which would be a contradiction in view of the
above relation. Therefore, 4 and 7 are linearly independent, hence ~ is biregular.

(b) Recall that, for a Frenet regular curve v in R?, the torsion 7, is defined by

1d
T, =(—=—N,,B
! <V'Y dt " ’y> 7
where N, is the principal normal and B, = T, x IV, is the binormal. Note that, under a reparametriza-
tion as in the statement of the exercise:

L) = L (3 (hw)) = ()i (h(u)

and
) = o () = W (b)) + H ()3 (o)

We will consider two cases:

e In the case when h is a direct reparametrization, i.e. when h’ > 0, we have

and
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Moreover, using the above formula for Cgi—;i(u):

oty 100 = (30 T ) T3
) = o T ), T ()T ()]
() + B (b)) — (B0 (hw) + W () (), T, () YT, (h )
T ()3 )+ () () — () )+ (a3 (), T () Y )|

Note that, in the above expression, since 4(h(u)) is parallel to T, (h(u)), we have that

) is
R (w)y(h(w)) = (B (u)y(h(w), T, (h(u))) T, (h(u)) =

so the expression simplifies to

Ny — M) = )3 )), T () T ()
T ) () = () (), T () ) T ()|
() (3((w)) = (), Ty (h()) T, (h(w))
() (5(h(w)) = (3 (h(w)), T ()T, (h(w)))|

— N, (h(u)).
As a result, we also have

Bs(u) = T5(u) x Ns(u) = T, (h(u)) x Ny(h(u)) = B,(h(w)).

Lastly, recall that the derivative operator W% is invariant under direct reparametrizations,
in the sense that, for any smooth function f,
1 d 1 , , 1,
(f(h(w))) = J(h(u)h (u) = fi(t) fort = h(u)

Vs (u) du B () [V, ((w))

Combining the above observations, we infer that

) = (77 5000 B ()

~ (i 2 (V). B, ()

= (g (). By )
— 7 (b))

e In the case when A is an inversion, i.e. when A’ < 0, we similarly

V5(u) = [ (w)|V5(h(u)) = =h'(u)V;(h(u))
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and
) K@)
B =) = SR i)

= T, (h(w)).

Also, the formula for %i(u) implies (repeating the same calculations as before) that:
N;(u) = N, (h(u))

(note that, unlike 77, the principal normal N, does not change direction under an inversion).
Thus,
Bs(u) = T5(u) x N3(u) = =T (h(u)) x Ny(h(u)) = =B, (h(u)).

1 d

V@ under an inversion changes sign:

Lastly, the derivative operator

1 d | , L
O O [ A 100 M ATy

Combining the above observations, we infer that

5.2 Prove that the curve (t) = (cosht,sinht,t) is biregular of class C3, and compute its curvature
vector, curvature (the curvature is the norm of the curvature vector) and torsion.

Solution. The curve 7 is biregular since
4(t) = (sinht,cosht, 1), #(t) = (cosht,sinht,0)

are linearly independent for all ¢. It is also of class C'°°, since its coordinates are infinitely smooth

functions.
The speed is V,(t) = v/2 cosht, hence

y(t) 1 !
T.(t) = = —(tanht¢, 1, ——).
’Y( ) V,y(t) \/5( annt, ’cosht)
The curvature vector is
1 1
K. (t) = T.(t) = 1,0, —sinht
/(1) V4 (1) i 2cosh3t(7 , —sinh),
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and the curvature is k. (t) = . The principal normal is

1
2cosh? ¢

1

Molt) = =B (t) = (%0 —tanh(t))

and the binormal is
1 1
B’Y(t) = TW(t) X N,y(t) = E (— tanh(t), 1, —m) .

Thus,

7(t) = <Vi7NwBV>

- ﬁcish(t) < (_08;21?2(;—2) ) O,tanhz(t) - 1) , % (— tanh(t), 1, _Wi(t» >
1

~ 2cosh? (t)

5.3 Consider the curve
v(t) = (cost + tsint, sint — tcost, t?), t€R.
(a) Find the singular point(s) of this curve.
(b) Compute the arc length parameter s = s(t) from the initial point (0).

For the remaining questions, restrict to ¢ > 0.

c¢) Compute the tangent vector T (¢) and the curvature vector K, (t).
g gl

(d) Determine the biregular points of ~.

e) Compute the curvature - (¢) and the principal normal vector N, (t).

gl 2l
f) Give the binormal vector B, (t) (at biregular points).
Y

(g) Compute the torsion of .

Solution. (a) #(t) = t(cost,sint,2), so V,(t) = |t|//5. The only singular point is ¢ = 0.
(b) The arc length is

)= [ Talau= 5 [ uf du = sgn(t) 224,

(c) For t >0, T,,(t) = umu = ‘/Tg(cost,sintﬂ)7 so T,(t) = \/Tg(_ sint, cost,0) and

. 1
K. (t) = T.(t) = §<_ sint, cost,0).

Page 4



EPFL- Fall 2025 Differential Geometry L: G. Moschidis
Series 5 Curves and surfaces 10 Oct. 2025

(d) The curve is blregular for all t > 0 since 4 and ¥ are linearly independent.
(e) ry(t) = [|K,(t)|| = 2 and N,(t) = (—sint,cost,0).

(F) By () = T4 (t) x Ny(1) = f@%%a4$MJy

(g) N, (t) = —(cost,sint,0), hence

N

5.4 Let v : I — R? be a Frenet regular curve. The Darbouz vector of v is the vector field along ~y
defined by
D, (u) = 7,(u)T, () + £y (u) By (u).
Show that for any vector field A along v written as A(u) = a;(u)T (u)+az(u)N(u) 4+ as(u) B(u),
we have

1dA 1

Vdu V
(This is the Darboux formula.)

(a1T+a2N+a3B) + D x A.

Solution. Using the Serret—Frenet equations:

1dA 1

Vdu V((Z1T—|—Q2N+CL33)+V(CﬁT—F(LgN—F&gB).

But
1 ) ) .
D x A= (TT + K}B) X (alT + CLQN + ClgB) = v(alT + CZQN + ClgB),
giving the claimed formula.

Remark. This expresses the derivative of a vector in the moving Frenet frame as the sum of a
relative derivative in the moving frame and a term describing the instantaneous rotation D x A.

Example. For A(t) = V,(t)T,(t), we get
5=VT+V?’DxT=VT+V?N.

5.5 Compute the Darboux vector of the right circular helix v(u) = (acosu, asinu, bu).

Solution. For this helix,

1
T = —(—asinu,acosu,b), B = —(bsinu,—bcosu,a),
c c
a b
K=—, T=-, c=Va+
c c
Thus 2
D=7T+rB= <0 0, o ey )
c

a constant vector. The constant angle between D and T confirms the helix has constant slope.
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5.6 Consider the curve v : R — R?® defined by
V() = (¢, t* +[t]°, 0).

Show that this curve is reqular in the Frenet sense, but not of class C®. Then compute its
Frenet frame.

Solution. v is C? but not C? since

Y(t) = (1,2t + 3t[t[,0), 5(t) = (0,2 + 6]¢],0).
These are continuous and linearly independent, so «y is biregular. Let V(t) = ||%(¢)||. The principal
normal (by Gram—Schmidt) is

N0 = 75 (-2 = 3¢l,1,0),

Since N is C1, the curve is Frenet-regular. It lies in the plane Oxy, so B = (0,0, 1) is constant. The
Frenet frame is:

T(t):%ﬂ(l,%jt?)ﬂtl,o), N(t):%(—%—?)ﬂt\,l,o), B(t) = (0,0,1).

Remark. Any planar biregular curve is Frenet-regular, since, in that case, B is constant (and
equal to the unit normal to the plane) and so N = B x T is as regular as 7.

5.7 What can be said about a (Frenet-regular) curve whose curvature and torsion are both constant?

Solution. Two curves with equal curvature and torsion (under natural parametrization) differ only
by a rigid motion. The right circular helix has constant curvature and torsion, hence any Frenet-
regular curve with constant curvature and torsion is a right circular helix. Degenerate cases: if
torsion = 0, the curve is planar (a circle); if curvature = 0, the curve is a line.

5.8 Show that the torsion of a C* biregular curve v : I — R3 can be computed by the formula

BPSO {C0 C000) O
i) < 3@ RV’

where [z,y, 2] = (z, y x z) denotes the mixed triple product of three vectors in R3.

Solution. Differentiating 4 = VT + V2xkN and taking the dot product with B, the Serret—Frenet
equations give

Since ||§ x 7| = V3K, we obtain
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5.9 Show that a C® biregular curve v : I — R? is a right circular helix if and only if its Darboux
vector is constant.

Solution. From Exercise 5.5, the Darboux vector of a circular helix is constant. Conversely, since
D = 7T 4 kB and thus 7 = (T, D), differentiating this relation and using the assumption that D is

constant, we get

LA™ L j DY = k(N D) = w(N,+T + 5B) = 0

Vdy v T IS AT RS =
so T is constant. A similar argument (differentiating (B, D) gives constant k. Thus 7 is a circular
helix.

B. Additional Exercise

5.10 It is known that, up to rigid motion, the geometry of a curve is completely determined by
its curvature and torsion. Hence, any geometric property can be expressed as one or more
equations involving 7 and k. The goal of this exercise is to illustrate this fact in the case of
spherical curves (i.e. curves lying on a sphere).

(a) Let v : I — R3 be a C? and regular curve parametrized by arc length and satisfying
IlI7(s)|| = r = constant. Prove that v is biregular.

(b) Let v: I — R be a C® regular curve parametrized by arc length, satisfying ||y(s)|| = r =
constant and such that it has nonzero torsion. Show that for all s,

2(s) + p(s)N(s) + 2 B(s) = 0,

where k(s) is the curvature of v and p(s) = ﬁ is the radius of curvature. Deduce that

the function )

18 constant.

(c) Conversely, let v : I — R? be a C® regular curve parametrized by arc length, with nonzero
curvature and nonzero torsion. Show that v is a spherical curve if and only if

( )2 4 p(S) ?

8 —_—

g (s)

is constant. Determine the center and radius of the sphere.

Solution. (a) Since (7,~) = const, differentiating this relation we obtain

(,7 =0
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(i.e. that 4 L v) and, differenting once more,

G+ () =0=F,) =-1I3P <0

(the above is a strict inequality, since 4 # 0). In particular, 4 is not perpendicular to 7. Therefore,
4 and 4 are linearly independent (since, otherwise, 4 would have to be perpendicular to v, like 7).
Thus, v is biregular.

(b) From part (a), we have that v is also biregular. Moreover, differentiating (like before)
(7(s),7(s)) = const we have v L T. Hence y(s) = a(s)N(s) + b(s)B(s) with a® + b*> = r?. Differen-
tiating this relation (and using the Serret-Frenet formulas) gives

T =—arxT + (¢’ —br)N + (b' + at)B,
SOCL:—l/H:_p; a/—bTZO, b/+aT:O; hencebz—p/T and

v=—pN — Pp.
T
Then 7% = ||v||> = p? + (p/7)? is constant.
(c) Conversely, define
ps)
c(s) =(s) + p(s)N(s) + == B(s).

7(s)
Differentiating and using the Serret-Frenet equations yields d%c(s) = 0, so c is constant. Thus
|I7(s) — c||* = p* + (p/7)? is constant; ~y lies on the sphere with center ¢ and radius
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